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Abstract 
Cantilever structures vibrating in a fluid are encountered in numerous engineering applications.  The 
aerodynamic loading from a fluid can have a large effect on both the resonance frequency and damping, and 
has been the subject of numerous studies.  The aerodynamic loading on a single beam is altered when 
multiple beams are configured in an array.  In such situations, neighboring beams interact through the fluid 
and their dynamic behavior is modified.  In this work, aerodynamic interactions between neighboring 
cantilever beams operating near their first resonance mode and vibrating at amplitudes comparable to their 
widths are experimentally explored.  The degree to which two beams become coupled through the fluid is 
found to be sensitive to vibration amplitude and proximity of neighboring components in the array.  The 
cantilever beams considered are slender piezoelectric fans (approximately 6 cm in length), and are caused to 
vibrate in-phase and out-of-phase at frequencies near their fundamental resonance values.  Aerodynamic 
damping is expressed in terms of the quality factor for two different array configurations and estimated for 
both in-phase and out-of-phase conditions.  The two array configurations considered are for neighboring fans 
placed face-to-face and edge-to-edge.  It is found that the damping is greatly influenced by proximity of 
neighboring fans and phase difference.  For the face-to-face configuration, a reduction in damping is 
observed for in-phase vibration, while it is greatly increased for out-of-phase vibration; the opposite effect is 
seen for the edge-to-edge configuration.  The resonance frequencies also show a dependence on the phase 
difference, but these changes are small compared to those observed for damping.  Correlations are developed 
based on the experimental data which can be used to predict the aerodynamic damping in arrays of vibrating 
cantilevers.  The distance at which the beams no longer interact is quantified for both array configurations.  
Understanding the fluid interactions between neighboring vibrating beams is essential for predicting the 
dynamic behavior of such arrays and designing them for practical applications. 
 
Keywords:  fluid coupling, aerodynamic damping, piezoelectric fans, vibrating cantilevers, flow-structure 
interaction 
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1.  Introduction 
 A cantilever vibrating in a fluid is encountered in numerous engineering applications.  In the case of 
thin, elastic beams, the added mass and viscous damping caused by the fluid can drastically alter the 
resonance frequencies and damping ratios of the cantilevers.  Understanding the influence of the fluid is 
critical to predicting the dynamic behavior of the vibrating cantilever.  This topic has been widely 
investigated over the past decades, and the interested reader is directed to books by Blevins (1990) and 
Paidoussis (2004) for a detailed treatment of flow-induced vibration and fluid-structure interaction.  
Applications of interest for a cantilever beam vibrating in a fluid span more than nine orders of magnitude 
(nanometer to meter) in length scales.   Micro- and nano-scale applications of cantilevers include biosensors 
(Gupta et al. 2006 and Ilic et al. 2001), atomic force microscope cantilevers (Binnig 1986), and rheological 
measurement devices (Boskovic et al. 2002).  At larger length scales, applications such as piezoelectric fans 
for electronics cooling (Açıkalın et al. 2004) and Kimber et al. 2007) and flapping wings for propulsion 
(Shyy  et al. 1999) involve vibrating cantilevers.  Although different length scales are of interest depending 
on the application, the common feature is that the dynamic behavior is dependent on the interaction between 
the structure and the fluid.  The fluid surrounding a vibrating beam increases the effective mass and damping 
of the structure.  The length scales and vibration amplitudes encountered in a particular application determine 
if one of these effects (added mass or added damping) is dominant over the other, or if both play a large role. 
 Regardless of the scale under investigation, most prior studies have been primarily concerned with a 
single cantilever beam (Fu and Price 1987, Basak et al. 2006, and Sader 1998).  Fewer studies have focused 
on the hydrodynamic interaction of multiple beams vibrating in close proximity.  Cantilever arrays are 
encountered in applications such as the IBM millipede (Vettiger et al. 2002) and when mimicking the beating 
wings of insects (Lehmann et al. 2005). 
 Hosaka and Itao (2002) investigated the interaction between two cantilevers oriented such that the 
lengthwise-edges came in contact when the gap was zero, an orientation which will be referred to in this 
paper as “edge-to-edge.”  They considered small oscillatory Reynolds numbers and could then represent the 
continuous beam as a string of spheres, enabling an analytical approach to the fluid model.  The degree to 
which the two beams were coupled was found to depend heavily on the beam size, gap between beams, and 
differences in the resonance frequencies of each beam.  The level of interaction was seen to increase as each 
of these factors decreased.  Basak and Raman (2007) explored the hydrodynamic coupling between 
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microcantilevers using the same orientation as that considered by Hosaka and Itao (2002), but employed a 
boundary integral technique to solve the unsteady Stokes equations, enabling them to consider higher 
oscillatory Reynolds numbers and compute fluid velocities close to the thin microbeams.  They determined 
the coupling as a function of separation distance, frequency, and relative amplitude and phase of two 
neighboring beams, and concluded that two beams can either constructively or destructively interfere, 
depending on their relative phase and separation distance.  Guidelines were also formulated regarding the 
implementation of microscale cantilever arrays, depending on whether weak or strong coupling was desired. 
 Constructive and destructive interference between vibrating cantilevers was also observed by Ihara and 
Watanabe (1994).  They considered an orientation where a pitch of zero meant that the flat surface of the two 
cantilevers would be in contact, a condition which will be referred to in this paper as “face-to-face.”  They 
investigated the flow field generated for in-phase and out-of-phase vibration at three different pitches.  The 
cantilevers were sandwiched between two large plates in an attempt to approximate a two-dimensional flow 
field, and results were compared to the flow field generated by a single cantilever in the same experimental 
setup.  It was found that the volumetric flow rate produced by vibrating cantilevers was substantially greater 
when operating in-phase.  While the aerodynamic loading on the beams themselves was not explored, their 
study provides further evidence of the sensitivity of cantilever performance to the phase difference between 
beams. 
 Jeong et al. (2004) conducted a theoretical study on two identical, parallel plates with a fluid bounded 
between them and considered both in-phase and out-of-phase vibration.  The plates were clamped along all 
edges and held at a fixed, constant spacing.  The expected decrease in resonance frequencies due to the added 
mass effect from the fluid was found to be larger for out-of-phase vibration when compared to in-phase 
vibration.  The damping was not computed. 
 These four studies focused on hydrodynamic interactions between multiple beams or surfaces (Hosaka 
and Itao 2002, Basak and Raman 2007, Ihara and Watanabe 1994, and Jeong et al. 2004) included small 
length-scale assumptions or small vibration amplitudes, and therefore, do not address the hydrodynamics of 
macro-sized flexible cantilevers oscillating at large amplitudes, which is the focus of the current study.  In 
addition, two array orientations are considered in the current work, thereby broadening the applications of 
interest.  The objective of the present work is to experimentally quantify the fluid loading (added mass and 
damping) on arrays of cantilevers vibrating face-to-face and edge-to-edge.  One of the target applications for 
this study is in the cooling of electronic components, in which macro-sized cantilevers vibrating near a 
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heated surface provide heat transfer enhancement.  These devices are termed ‘piezoelectric fans,’ since they 
are actuated through the use of a piezoelectric material bonded to a flexible cantilever.  These fans have 
generated great interest as they require only small amounts of input power and are easily adaptable to 
different geometries.  In recent work by Kimber and Garimella (2008), constructive interference was 
observed in the cooling performance from an array of piezoelectric fans under certain conditions.  Fig. 1(a) 
shows the orientation considered in that work as well as typical temperature fields produced on the heated 
surface under the action of the flow fields generated by fans at both a large pitch [Fig. 1(b)] and a small pitch 
[Fig. 1(c)].  The greatest temperature reductions are obtained within the vibration envelopes of each fan, with 
the smaller of the two pitches providing the better cooling performance.  A model to describe the dynamic 
behavior of such fan arrays is first discussed in the following, after which the experimental setup is 
described.  Results are then presented for the aerodynamic damping observed as well as the control of the 
extent of this damping by controlling the pitch between neighboring beams in the array. 
 
NOMENCLATURE 
A vibration amplitude 
Amax maximum vibration amplitude (A at resonance) 
Ast static displacement (F0/k) 
c viscous damping coefficient 
D piezoelectric fan width 
F0 magnitude of driving force 
k spring stiffness of beam 
m mass 
P fan pitch 
Q quality factor 
t time 
Greek Symbols 
ω driving frequency 
ωn resonance frequency in vacuum 
ζ damping ratio in vacuum 
Subscripts 
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a aerodynamic component 
air quantity measured in air 
iso isolated (uncoupled) value 
1,2 fan number 
2.  Modeling Dynamic Behavior 
 The dynamics of a thin, flexible beam can be approximated using a single-degree-of-freedom system 
with equivalent stiffness (k), mass (m), and damping (c).  A sinusoidally varying external force is applied 
with a specified magnitude (F0) and frequency (ω).  The displacement of the beam can then be described by 
the following differential equation: 
 0+ + =?? ?mx cx kx F sin( t)ω  (1) 
The solution to this differential equation yields the frequency response of the beam.  Using traditional 
definitions for resonance frequency ( )=n k mω  and damping ratio ( )2⎡ ⎤=⎣ ⎦nc mζ ω , the expression for 
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 (2) 
Here, A is normalized by the static displacement (F0/k).  The foregoing discussion is applicable only when 
the effect of the fluid is minimal or removed altogether.  Therefore, the damping ratio (ζ) and resonance 
frequency (ωn) in Eq. (2) represent structural quantities, or those measured in vacuum conditions.  As 
previously discussed, the loading from the fluid is manifested as an added mass and added damping so that 
the equivalent mass and damping when measured in air become: 
 = + = +;  air a air am m m c c c  (3) 
where ma and ca are the aerodynamic components of mass and damping, respectively.  Substituting mair and 
cair in place of m and c in Eq. (1) and solving the new differential equation yields the following expression 
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If the influence of the fluid were negligible, then ma = ca = 0, and Eq. (4) reduces to Eq. (2).  The loading 
from the fluid on the beam causes an inclusion of mass and viscous damping in the equation.  However, it is 
more helpful to discuss this loading from the fluid in terms of the shift in resonance frequency and increase in 
the damping ratio, when compared to the values obtained under vacuum conditions.  The measured resonance 
frequency in air (ωn,air) can be expressed in terms of the resonance frequency in vacuum (ωn) and the ratio of 









ω ω  (5) 
The damping ratio measured in air (ζair) can likewise be determined from the damping ratio in vacuum (ζ) 
and the ratio of aerodynamic to structural damping factors (ca/c) from: 





ζ ζ  (6) 
This damping ratio can also be expressed in terms of the aerodynamic damping ratio (ζa) as: 
 = +air aζ ζ ζ  (7) 
Comparison between Eqs. (6) and (7) reveals that: 
 = aa ccζ ζ  (8) 
In this work, the damping ratios will be expressed in terms of the quality factor (Q) such that (Ewins, 2000): 
 1 2 1 2 1 2= = =;   ;   ;air air a aQ Q Qζ ζ ζ  (9) 









It should be noted that the aerodynamic damping (ca) is amplitude-dependent.  As a result, ζa and ζair (and 
thus Qa and Qair) are also functions of vibration amplitude.  Bidkar et al. (2009) investigated this amplitude-
dependence for a single beam and presented an analytical approach for predicting Qa in terms of the beam 
geometry and vibration amplitude and frequency.  Their modeling approach was validated with experiments 
involving piezoelectric fans vibrating in vacuum and air.  In contrast, the present work is focused on arrays of 
beams, and the behavior of greatest interest is that of Qa for the array relative to the experimental value of 
Qa,iso, the aerodynamic quality factor in the case where the beams are spaced far enough apart to be isolated 
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and not interact with their neighbors.  In addition to the driving force (F0), the driving frequency (ω) also 
influences the vibration amplitude.  However, the frequency targeted in the current investigation is the 
fundamental resonance frequency, and therefore the range of driving frequencies considered only varies by 
approximately ±5%.  Therefore the Qa found from a frequency sweep at a fixed F0 is assumed to be a 
constant value. 
 Besides viscous damping, an additional component of the fluid loading is the added mass.  For lightly 
damped systems (as is the case in the current investigation), the resonance frequency is equal to the driving 
frequency where vibration amplitudes are largest.  Therefore, ωn and ωn,air (as well as ωn,air,iso) can be 
estimated simply by determining the location of the peak amplitude.  The ratio of aerodynamic to structural 
mass (ma/m) can then easily be found from Eq.(5), even before damping is considered.  Because the system is 
only lightly damped, this can be done independently from any damping analysis.  However for the current 
investigation of cantilever beams vibrating in air, it will be shown that the changes in resonance frequency 
are small compared to the corresponding changes in damping. 
 Experiments are conducted in air and vacuum to determine ωn, Q,ωn,air, and Qa.  The setups are now 
described for the experiments in air and vacuum, along with experimental results from each set of 
experiments.  This is followed by a detailed analysis of the behavior of the aerodynamic quality factor Qa for 
an array, relative to its value for isolated beams Qa,iso, as a function of distance between beams. 
3. Experimental Setups 
Two sets of experiments are conducted in this work:  1) in air, to determine ωn,air, and Qair for a range of 
pitches and input voltages, and 2) within a vacuum chamber, where the effect of the air is removed so that the 
magnitude of ωn and ζ may be determined, thereby allowing ma/m and Qa to be extracted from the results 
obtained in the first set of experiments in air. 
3.1. Experiments in Air 
 The piezoelectric fans used to analyze aerodynamic damping and added mass are shown in Fig. 2(a), 
illustrating the face-to-face configuration.  In this image, the exposure time of the camera is increased to 
show the envelopes of vibration.  These fans are referred to as Fan1 and Fan2, and are commercial products 
made from a flexible mylar blade, upon which a PZT patch is bonded near the base, thereby providing the 
actuation needed for vibration.  They have an overall length of approximately 75 mm, a width of 12.7 mm, 
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and a fundamental resonance frequency near 60 Hz.  The largest vibration amplitudes experienced at the fan 
tip are approximately 10 mm.  The fans are mounted on a stage with two isolated mounts to precisely control 
the pitch between the fans.  Shown in Fig. 2(b) and (c) are the in-phase and out-of-phase vibration, 
respectively, for the face-to-face configuration, while the corresponding edge-to-edge configurations are 
shown in Fig. 3(a) and (b).  The pitch is defined as the distance between fans for the face-to-face 
configuration (see Fig. 2) and the distance between fan centers for the edge-to-edge configuration (see Fig. 
3).  For all experiments, two laser displacement sensors (Keyence LK-G157) are positioned to capture the 
vibration signal of each fan independently.  The sensors operate based on triangulation, under the premise 
that the measurement surface is a diffuse reflector.  The actual point of measurement (i.e., location where the 
laser beam strikes the fan surface) is 4 mm from the fan tips.  While the two fans are nominally identical, 
differences in fabrication cause them to have slightly different resonance frequencies.  Because of this, the 
output phase between the fans is carefully monitored with the lasers, and a two-channel function generator 
(Tektronix AFG3022) is employed to provide the input signals to each fan independently.  For all 
experiments performed in air, a controlled phase difference between the two input signals is introduced in 
order to ensure that appropriate conditions are maintained at the output (whether considering in-phase or out-
of-phase vibration).  Each of these signals is routed to separate amplifiers in order to obtain the voltages 
needed to operate the fans. 
 The experimental parameters of interest are the input voltage to the piezoelectric element and the pitch 
(or array spacing).  The ranges considered for these variables are shown in Table 1 for both face-to-face and 
edge-to-edge configurations.  For the input voltage, the same four values (20, 50, 80, and 100 V) are used 
regardless of orientation, or whether the vibration is in-phase or out-of-phase.  The pitch, on the other hand is 
selected depending on the orientation and phase difference under investigation.  For the face-to-face 
orientation, it is anticipated that the pitch at which the two fans begin to show coupling interactions through 
the fluid will depend heavily on the vibration amplitude.  Therefore, the pitch for this orientation is 
normalized by the maximum vibration amplitude experienced at that particular pitch.  These are nominal 
target values, and the actual values depend on the maximum amplitude at a particular pitch as measured in 
the experiments.  It is also noted that the minimum pitch attainable for out-of-phase vibration for the face-to-
face configuration is a function of the amplitude only.  Assuming that the fans vibrate at the same amplitude, 
they must be spaced a distance of at least 2A apart in order to avoid collision of the fan tips, as is apparent 
from Fig. 2 (c).  While in-phase vibration in the same orientation does not have a similar limitation [see Fig. 
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2 (b)], the smallest pitch that could be reached in the experimental setup was 4 mm.  The smallest P/Amax 
considered for in-phase vibration is approximately 0.75.  For the edge-to-edge orientation, the coupling is 
anticipated to be more sensitive to the fan width, D = 12.7 mm.  Therefore, the pitch is normalized by the fan 
width for this orientation and the same range is considered for both in-phase and out-of-phase vibration (from 
P/D = 1.1 to P/D = 3.0). 
 For each experiment conducted to estimate the resonance frequency and damping ratio, the following 
procedure is adopted: 
1) select frequency range for investigation as the bandwidth of vibration (frequencies above and below 
resonance where amplitude reaches 0.707 maxA⋅ ), 
2) sweep through this range in small increments (40-50 points per sweep), capturing vibration 
amplitude and relative phase (input to output) information at each frequency, and  
3) determine static displacement (F0/k) using same driving voltage by applying a 1 Hz sine wave. 
The amplitude vs. frequency data are then normalized by the corresponding static displacement, and the 
circle-fit method (Ewins, 2000) is employed to estimate the resonance frequency and quality factor for the 
experiments in air (ωn,air and Qair) and in vacuum (ωn and Q).  This method takes the raw (unsmoothed) phase 
and magnitude data from each frequency sweep, converted into their real and imaginary components.  This 
yields a circular-shaped curve when displayed on the real and imaginary axes and a least-squares curve fit of 
the data is performed to ultimately extract the resonance frequency and quality factor.  Further details of this 
procedure are available in Ewins (2000). 
 For large vibration amplitudes, the curvature of the fan is not negligible such that the location of the tip 
relative to its zero position has a two-component displacement.  A sensitivity analysis was conducted 
regarding the dependence of ζ (and thus Q) on the location along the beam at which the laser is targeted.  The 
location of the laser was varied from 2 mm to 10 mm from the fan tip in 2 mm increments, yielding 5 sample 
points.  With an input voltage of 110 V, the five values of ζ obtained varied by only 3.0%.   
In addition, the tolerance adopted for the precision of the phase difference is ± 2° (i.e., conditions 
maintained are 0 ± 2° and 180 ± 2° for in-phase and out-of-phase vibration, respectively).  An additional 
analysis was performed to gauge the sensitivity of damping to the actual output phase difference.  In order to 
test this, a new tolerance of ±0.5° is specified, and the output phase difference is varied from 0° to 12° in 3° 
increments, with the input voltage held fixed at 110 V.  The results indicate that the damping ratio changes by 
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a maximum of 2.7% from 0 to 12 degrees.  However, results for a phase difference of 0 and 180 ± 2° 
compared to those for 0 and 180 ± 0.5° revealed no significant difference (less than 1.0%).  Therefore, the 
originally suggested tolerance of ± 2° is considered sufficient. 
The overall experimental uncertainty has contributions from bias errors, model errors, and precision 
errors.  The bias errors included in the uncertainty analysis are errors due to the curvature of the fan at large 
amplitudes (3.0%) and control of the phase difference between the two fans (1.0%).  The precision errors are 
due to the experimental equipment such as the laser displacement sensor (amplitude measurement accuracy 
of 0.1%), function generator (driving frequency accuracy of 0.05%) and the data acquisition hardware (1.0% 
for the voltage range encountered during the experiments).  The total precision error is dominated by the data 
acquisition hardware and quantified as 1.0%.  The model error is introduced through the linear treatment of 
an essentially non-linear phenomenon.  It is noted that the circle-fit method itself is based on a linear 
assumption; therefore the model error is quantified by analyzing the quality of fit for the least-squares 
expression determined for the circle.  Any variation of actual data from a circular shape would suggest that 
the damping in the range considered exhibits non-linear behavior.  Errors encountered for each least-squares 
fit represent the total model error, and for a conservative estimate, the largest model error encountered is 
0.5% and is adopted for the overall uncertainty analysis.  Combining these three errors (bias of 3.0% and 
1.0%, precision of 1.0% and model of 0.5%) in the sum of squares method yields an overall uncertainty of 
3.4% for Q or ζ measured in air or vacuum.  It should be noted that the parameter of interest is the 
aerodynamic quality factor (Qa) which is dependent on two measured quantities, namely Qair and Q 
according to Eq. (10).  Therefore, the percent uncertainty in Qa (defined as uQa) is determined according to 












This is determined independently for each value of Qa and ranges from 4.1% to 7.4% across all experiments. 
3.2. Experiments in Vacuum 
 The experiments conducted under vacuum conditions serve two purposes.  The first has been discussed 
earlier and is essential in order to extract Qa in Eq. (10) from the air experiments.  In addition, these 
experiments also help verify that the coupling phenomenon is indeed due to fluid-structure interaction and 
that structural coupling can be neglected.  The same two piezoelectric fans used in the air experiments are 
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mounted in the face-to-face configuration in a vacuum chamber as shown in Fig. 4(a) for the vacuum 
experiments.  This chamber is sufficiently large such that the effect of the chamber walls on the vibration of 
the fans is negligible, as the walls are more than 13 amplitudes away from the fans.  As will be shown in 
section 5 this distance is more than adequate to justify this assumption.  Ports are provided for electrical 
inputs to the fans, and an optical viewport provides the capability to capture vibration signals as shown in 
Fig. 4(b).  A laser displacement sensor is used to obtain the displacement signal from the fan nearest to the 
viewport, and because vibration data is only attainable for a single fan, the phase difference between the 
outputs cannot be monitored for the vacuum experiments.  A high vacuum pump (Edwards E2M2) is used to 
create near-vacuum conditions, whereby the pressure within the chamber is reduced to less than 10 Pa.  The 
same procedures outlined for the air experiments are also used for all vacuum experiments.  It should be 
noted that the static displacements used in the subsequent analysis are those obtained under vacuum 
conditions as suggested by Eq. (2). 
4. Results 
 The experimental results for fans vibrating in air are presented first to illustrate the coupling 
phenomenon by which two fans influence the dynamics of each other.  The results obtained under vacuum 
conditions are then discussed to delineate the influence of air on the fans. 
4.1. Coupling Phenomena in Air 
 In order to illustrate the coupling effect, the fans are mounted in the face-to-face configuration, and 
forced to vibrate in-phase.  Amplitude versus frequency curves are shown at three different pitches in Fig. 
5(a) and (b) for Fan1 and Fan2, respectively.  For all data points in both these plots, the driving voltage is 
fixed at 80 V.  Each fan has its own unique fundamental resonance frequency, which when uncoupled from 
the other fan is experimentally determined to be 60.80 Hz and 60.15 Hz (not shown on the plot) for Fan1 and 
Fan2, respectively.  The amplitude response clearly changes as the pitch decreases from 40 mm to 8.4 mm 
and finally to 5 mm.  The trend observed in these two plots shows that the vibrating fans are able to achieve 
higher amplitudes as the pitch is decreased.  This is true for both Fan1 and Fan2, with the maximum 
amplitudes being over 45% larger for the P = 5 mm case (Amax ≈ 10.4 mm) compared to P = 40 mm case 
(Amax ≈ 7 mm). 
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 As the relative sharpness of the resonance peak is a measure of the damping, it is readily apparent that 
this quantity is also highly sensitive to the pitch.  The resonance peaks become sharper as the pitch is 
decreased, suggesting that the damping ratio is decreasing and the quality factor is increasing.  The viscous 
dissipation in the fluid is thus seen to become smaller as the pitch is decreased.  There is also a slight change 
in resonance frequency for the three pitches considered in Fig. 5(a) and (b).  The resonance frequencies for P 
= 5, 8.4, and 40 mm are respectively 60.98, 60.81, and 60.67 Hz for Fan1 and 60.70, 60.45, and 60.20 Hz for 
Fan2, suggesting that the added mass from the fluid becomes smaller as the pitch is decreased.  The overall 
trends of both ωn,air and ζair suggest that the effect of the fluid is lessened when the two fans vibrate in-phase 
and the pitch is small, as would be intuitively expected.  If the effect of the air were removed altogether for 
these vibrating beams, the expected result would be a higher resonance frequency, and lower values of 
damping.  That this is indeed the case will be shown with the vacuum experiments. 
 For the same two fans in the same orientation (face-to-face), the trends observed for out-of-phase 
vibration are almost exactly opposite to those seen for in-phase vibration above, as illustrated in Fig. 6(a) for 
data collected from Fan1.  Similar results were found for Fan2.  At a sufficiently large pitch (P = 40 mm), the 
difference between in-phase and out-of-phase vibration is minimal.  However as the pitch is decreased (P = 
14 mm), the importance of phase difference becomes readily apparent.  In contrast to the 12% increase in 
Amax from P = 40 mm to P = 14 mm observed for in-phase vibration, an 11% decrease is observed for out-of-
phase vibration for the same change in pitch.  It is noted that the vibration amplitude for all four data sets 
presented in Fig. 6(a) becomes nearly indistinguishable when the driving frequency is 2-3 Hz below the 
resonance frequency.  For a given fan pitch, the fans thus only appear to become coupled when the vibration 
amplitude reaches a certain level.  Upon closer observation, it is also concluded from Fig. 6 that the distance 
at which two vibrating beams become coupled is larger for in-phase vibration than for out-of-phase vibration 
(i.e., fans vibrating out-of-phase will become coupled sooner).  Compared to the φ 180 curve at P = 40 mm, 
the φ 180 curve at P = 14 mm starts deviating at A ≈ 5 mm (i.e., P/A ≈ 2.8).  For the φ0 curves, this occurs at A 
≈ 6 mm (i.e., P/A ≈ 2.3).  Similar experiments performed with fans in the edge-to-edge configuration are 
shown in Fig. 6(b).  The damping again is seen to depend heavily on the pitch, but the effect of phase is, 
however, opposite relative to the face-to-face configuration.  The damping is seen to decrease for out-of-
phase vibration and increase for in-phase vibration.  The fact that out-of-phase vibration causes a reduction in 
damping for the edge-to-edge configuration while in-phase vibration causes the same behavior for the face-
to-face configuration is explained by the fact that in either configuration, the reduction in damping occurs 
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when the fans travel in the low-pressure wake of their neighbor.  One of the main purposes of this paper is to 
quantify and predict this reduced damping from a vibration standpoint, which will be discussed in a later 
section. 
4.2. Behavior in Vacuum 
 Experiments in the vacuum setup are used to estimate ωn and ζ.  The additional motivation for these 
experiments is to verify that the observed coupling phenomena are indeed due to fluid-structure interaction, 
and not due to structural coupling in the test apparatus.  Fan1 and Fan2 are tested individually to meet the 
first objective.  For the second, the two fans are tested in a face-to-face configuration at a fixed pitch of P = 
15 mm; the tests are conducted both in a vacuum and in air (i.e., without pulling a vacuum) in the same setup 
to maintain otherwise identical conditions.  For these experiments, in-phase excitation, rather than in-phase 
vibration is employed since it was not possible to measure the vibration signal of both fans in this setup.  
However, as will be shown, this is sufficient in order to determine the source of coupling. 
 Amplitude and frequency data are shown for a single fan and for two fans in Fig. 7(a) and (b) for air 
and vacuum conditions, respectively.  All data shown are for Fan1 with the amplitude normalized by the 
respective static displacement (Ast) in order to readily compare the sharpness of resonance peaks in vacuum 
and air.  These experiments were conducted at driving voltages of 80 V and 6 V for air and vacuum 
experiments, respectively.  As seen before from the experiments in air, the presence of a second fan causes 
the damping to decrease and the resonance peak to become sharper (Fig. 7(a)).  This coupling effect is 
virtually non-existent in vacuum conditions as seen in Fig. 7(b), where the amplitude response is independent 
of whether one or two fans are considered.  There are also differences between the single fan curve in air 
(Fig. 7(a)) and in vacuum (Fig. 7(b)).  As expected, the resonance frequency is lower when air is present 
(60.8 Hz in air and 62.04 Hz in vacuum) due to the added mass from the fluid.  The ratio of the aerodynamic 
to structural mass (ma/m) can be computed according to Eq. (5).  As the shift in resonance frequency is small 
(1.24 Hz), the mass ratio is also small, and for this case, is equal to 0.01.  In other words, the added mass due 
to the fluid is 1% of the effective structural mass in vacuum. 
For the cantilevers under investigation in this work, the changes in resonance frequency are quite small 
when comparing vacuum and air conditions; further changes in resonance frequency when comparing a 
single fan to two fans are even smaller.  On the other hand, the changes in damping can be quite dramatic.  As 
an example, the frequency response curve for a single fan in Fig. 7 (a) is compared to the single-fan curve in 
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Fig. 7 (b).  This corresponds to ζair = 0.0194 (Qair = 25.8) and ζ = 0.00402 (Q = 124.5) for air and vacuum 
experiments, respectively.  The aerodynamic damping can be extracted according to Eq. (7), and for this case 
yields ζa = 0.0154 (Qa = 32.5).  The ratio of aerodynamic-to-structural damping coefficients (ca/cs) can be 
determined from Eq. (8) yielding ca/cs = 3.83.  Therefore, for a single fan, the transition from vacuum to air 
which yields only a 1% increase in added mass, results in almost 400% increase in added damping.  For this 
reason, ζa is of primary importance in understanding the aerodynamic interactions in fan arrays.  Therefore, 
only the aerodynamic quality factor (Qa), which is a measure of the damping, is considered for the detailed 
analysis in the following section. 
5. Quality Factor Characterization 
 The aerodynamic quality factor (Qa) is determined according to Eq. (10) for all experiments and the 
results are shown in Fig. 8 for Fan1 in the face-to-face configuration.  This is plotted as a function of pitch in 
Fig. 8(a), and dimensionless pitch (P/Amax) in Fig. 8(b).  Both in-phase and out-of-phase data are shown, and 
all of the curves are seen to approach an isolated (uncoupled) value, Qa,iso, for each unique driving voltage.  
The fact that Qa,iso is dependent on the driving voltage is expected as this quantity is very much dependent on 
the vibration amplitude, with higher levels of damping being encountered for larger vibration amplitudes 
(Bidkar et al., 2009).  From these results, Qa is seen to increase as the pitch is decreased from the isolated fan 
value (Qa,iso) for the φ0 curves; conversely, Qa decreases as the pitch is decreased for the φ180 curves.  The rate 
at which this increase or decrease occurs is more readily apparent when the pitch is normalized by the 
maximum amplitude achieved for any particular frequency sweep, as shown in Fig. 8(b).  For the φ180 
experiments, the minimum attainable pitch is slightly larger than two times the amplitude.  It is interesting to 
note that the four φ180 curves appear to be nearly parallel to each other, suggesting that a simple relationship 
can be deduced to capture this effect.  The same is observed for the four φ0 curves. 
 Taking each curve in Fig. 8(b) and normalizing Qa by its isolated value, Qa,iso, causes all the φ0 data to 
collapse to a single curve, and all the φ180 data to collapse on to a separate curve.  The result is shown in Fig. 








⎛ ⎞= +⎜ ⎟⎝ ⎠
 (12) 
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where the exponent, n, is a negative number so that as the pitch becomes large, the ratio on the left hand side 
of Eq. (12) approaches unity, meaning that Qa converges to Qa,iso.  The coefficient C1 and exponent n are 
found for each expression using a least-squares analysis of the data, yielding C1 = 0.36 and n = -0.99 for φ0 
and C1 = -0.92 and n = -2.11 for φ180.  It is interesting to compare the magnitude of n for φ0 (n = -0.99) vs. 
φ180  (n = -2.11).  This suggests that the rate at which Qa decreases for out-of-phase vibration is much higher 
than the rate at which Qa increases for in-phase vibration.  In either case, for P/Amax ≈ 6, the fans become 
nearly isolated with only a minimal coupling effect. 
Similar analysis of the edge-to-edge configuration showed similar characteristics in that the data are 
easily reduced using the previously defined dimensionless pitch.  This entails replacing the quantity P/Amax 







⎛ ⎞= +⎜ ⎟⎝ ⎠,
 (13) 
The result is shown in Fig. 9(b) along with the curve fits, with C1 = -0.15 and n = -1.97 for φ0, and C1 = 0.19 
and n = -2.66 for φ180.  Uncoupled behavior for this orientation is attained when P/D ≈ 3, or when the 
distance between the beams is approximately equal to twice their width.  The relative change in Qa as shown 
in Fig. 9(b) for the edge-to-edge configuration (increase of 20% for out-of-phase and decrease of 15% for in-
phase vibration) is not as large as that seen for the face-to-face configuration as illustrated in Fig. 9(a) 
(increase of 70% for in-phase and decrease of 20% for out-of-phase vibration).  This is attributed to the face-
to-face orientation being such that the fans are located directly in the wake of their neighbors, while this is 
not the case for the edge-to-edge configuration.  This suggests that the fluid surrounding a vibrating 
cantilever is agitated to a greater extent in locations perpendicular to the width dimension, just above and 
below the beam.  However, the fact that coupled behavior is observed for the fans in the edge-to-edge 
configuration as well, suggests that locations on either side of the beam also experience a considerable level 
of fluid agitation. 
 The significance of this analysis lies in the ability to describe the damping for all experiments 
conducted in this work with expressions of a very simple mathematical form.  For beams of geometries and 
resonance frequencies that are different from those considered in this work, the coefficient and exponent in 
Eq. (12) would likely take different values; however, a similar data reduction scheme is expected to hold.  
Future work could include attempts to describe the coupling from a more fundamental point of view as a 
function of beam material, vibration frequency, and other variable parameters.  The results presented in this 
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work, however, show that a high degree of coupling occurs in arrays of cantilever beams, and this can be 
exploited depending on whether the application targets energy dissipation or maximization of the vibration 
amplitude for the smallest amount of input power. 
6. Conclusions 
 This paper presents an experimental effort to describe the complex aerodynamic coupling in arrays of 
macro-sized vibrating cantilevers.  In-phase and out-of-phase vibration are considered for face-to-face and 
edge-to-edge orientations.  For the former orientation, a substantial decrease in the fluid damping is observed 
with in-phase vibration, while the converse is true with out-of-phase vibration.  For the edge-to-edge 
configuration, out-of-phase vibration exhibits a decrease in fluid damping and in-phase vibration causes an 
increase.  For either orientation and regardless of phase difference, the degree to which the fans become 
coupled increases as the pitch becomes smaller.  This dependence on pitch is found to show a strong 
correlation to vibration amplitude for the face-to-face configuration and fan width for the edge-to-edge 
configuration.  The effect on the dynamics of cantilever arrays is largely explained as a decrease or increase 
in viscous damping with changes in resonance frequency being comparatively quite small.  The analysis of 
the data includes correlations which describe the aerodynamic quality factor of vibrating cantilever arrays as 
a function of vibration amplitude and pitch between neighboring components of the array.  The vibrating 
beams are found to behave in an isolated, or uncoupled, manner when the pitch is approximately six times 
the amplitude for a face-to-face configuration, and approximately three times the fan width for edge-to-edge 
configuration. 
It is emphasized that the results presented in this paper are based on beams of roughly the same 
resonance frequency and geometry.  Additional investigations which consider fans of different materials and 
frequencies should be pursued in order to incorporate the beam material properties into the analysis and 
understand this phenomenon from a more generalized perspective.  Also, to aid in actual device 
implementation, further analysis of the fluid damping as a function of proximity to side walls and, in the case 
of electronics cooling, proximity to the heated surface, are warranted. 
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Table 1.  List of experimental parameters considered for array experiments in air. 
 
Parameter Units Values tested 
Input voltage V 20, 50, 80, 110 
Face-to-face configuration   
Nominal dimensionless pitch 
(P/Amax), in-phase vibration 
N/A 0.75 – 6 .0 (7 values) 
Nominal dimensionless pitch 
(P/Amax), out-of-phase 
vibration 
N/A 2.1 – 6 .0 (6 values) 
Edge-to-edge configuration   
Nominal dimensionless pitch 























Fig. 1.  Application for arrays of vibrating cantilevers:  (a) illustration of piezoelectric fans used to enhance 
cooling of a heated surface and the resulting thermal images when (b) pitch is large and little interaction 
occurs between fans and (c) pitch is small with considerable amount of interaction.  Temperatures are lowest 
near the vibrating tips of the fans.  A detailed thermal analysis is available in Kimber et al. (2007) and 




















Fig. 2.  Piezoelectric fans used to analyze aerodynamic damping in arrays of cantilevers in a face-to-face 
configuration:  (a) photo of fans mounted and vibrating, (b) in-phase vibration, and (c) out-of-phase 











Fig. 3.  Piezoelectric fans used to analyze aerodynamic damping in arrays of cantilevers in an edge-to-edge 









Fig. 4.  Setup for vacuum chamber experiments:  (a) two piezoelectric fans mounted inside in a face-to-face 



















P = 5.0 mm
P = 8.4 mm
P = 40 mm
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P = 5.0 mm
P = 8.4 mm
P = 40 mm
 
(b) 
Fig. 5.  Variation of amplitude with a sweep of the driving frequency in the neighborhood of the resonance 
frequency for (a) Fan1, and (b) Fan2.  Data shown are for in-phase vibration in the face-to-face configuration 
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P = 38.1 mm (φ0)
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Fig. 6.  Variation of amplitude with a sweep of the driving frequency in the neighborhood of the resonance 
frequency for Fan1 with in-phase (φ0) and out-of-phase (φ180) vibration at a large and a small pitch:  (a) face-








































Fig. 7.  Frequency and amplitude data from (a) air, and (b) vacuum experiments.  The amplitude is 
normalized by its corresponding static displacement to illustrate the difference in damping for single- and 
two-fan vibration, the latter of which employs the face-to-face configuration.  The data are captured in all 


















































Fig. 8.  Experimental estimation of quality factors for the face-to-face configuration for Fan1 as a function of 


























































Fig. 9.  Coupled quality factors normalized by their respective isolated-fan (uncoupled) values:  (a) face-to-
face configuration, and (b) edge-to-edge configuration.  Curve fits are shown for in-phase (φ0) and out-of-
phase (φ180) vibration. 
 
 
